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Abstract 

In this paper we develop the basic tools for a classification of Killing vector 
fields of constant length on pseudo-riemannian homogeneous spaces. This extends 
a recent paper of M. Xu and J. A. Wolf, which classified the pairs (M,^) where 
M = G/H is a, Riemannian normal homogeneous space, G is a compact simple 
Lie group, and ^ defines a nonzero Killing vector field of constant length on 
M. The method there was direct computation. Here we make use of the moment 
map M ^ 2* and the flag manifold structure of Ad (G)^ to give a shorter, more 
geometric proof which does not require compactness and which is valid in the 
pseudo-riemannian setting. In that context we break the classification problem 
into three parts. The first is easily settled. The second concerns the cases where ^ 
is elliptic and G is simple (but not necessarily compact); that case is our main result 
here. The third, which remains open, is a more combinatorial problem involving 
elements of the first two. 


1 Introduction 

We consider a connected real reductive Lie group G, a nondegenerate invariant bilinear 
form 5 on 0 , and a closed reductive subgroup 77 in G such that b is nondegenerate on 1 ). 
Decompose g = f) + m where m is the 7-orthocomplement of 1). Then b is nondegenerate 
on m and induces a pseudo-riemannian metric on M = G/H. Those are our normal 
pseudo-riemannian metrics. This includes the Riemannian case, where ds^ is either 
positive definite (as usual) or negative definite (so that b can be the Killing form when 
G is a compact semisimple Lie group). Note the dependence on the pair (G, 7). If G' 
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is another transitive group of isometries of (M, ds^) then ds^ need not be normal as a 
homogeneous space of G'. 

Let ^ G 0 . It induces a Killing vector field on M which we denote . If x G M 
then is the corresponding tangent vector at x. We say that has constant length 
(perhaps pseudo-length would be a better term) if the function x is 

constant on M. The goal of this paper is the classification of triples where 

^ G 0 is nonzero and elliptic, and where has constant length. 

In the setting of pseudo-riemannian manifolds, constant length Killing vector fields 
(also called Clifford-Killing or CK vector fields; see [11]) are the appropriate replace¬ 
ment for isometries of constant displacement (CW isometries). 

In Section [2] we discuss a flag manifold GcIQ that connects the moment map for 
conjugation orbits in 0 with the length function for Then in Section [3] we develop 
a method of passage through the complex domain that carries this connection to flag 
domains and the pseudo-riemannian setting. In Section U] we use these tools to carry 
out the classification for the cases where Gc is simple; the main result is Theorem 
Ol Those tools don’t apply directly to the case where G is simple but Gc is not, 
but in Section [5] we use other methods to carry out the classification; there the main 
result is Theorem [Ql Section [ 6 ] summarizes these classihcations to give one of the 
two main results of this paper. Theorem 16.II As a consequence of these classifications. 
Corollary 16.21 indicates the pseudo-riemannian analog of the correspondence between 
homogeneity for quotient manifolds and isometries of constant displacement. 

The other principal result is Theorem 17.61 which in effect describes current progress 
toward a classihcation where G need not be simple. 

Let pr(, and pr^ denote the respective orthogonal projections of 0 to f) and m. Then 
= h{pr^{M ( 5 ) 0 ,P?'m(Ad {g)i)) where x = gH. Since 6 (Ad {g)i) 

is independent of 5 G G, and 

6 (Ad ( 5 )C, Ad {g)i) = h{pr^{Ad {g)i),pr^{Ad {g)^)) + 6 (prm(Ad {g)i),pr,^{Ad {g)i)), 
Lemma 1.1. Let ^ G 0 . Then has constant length if and only if 

fda) ■= b{prt,{Ad{g)f,),prt,{Ad{g)f,)) 


is independent of g ^ G. 

In view of Lemma ll.il and our assumption that G is connected, the constant length 
property for depends only on the pair ( 0 , f)). Thus we can (and will) be casual about 
passing to and from covering groups of G and about connectivity of H. In practise this 
will be only a matter of whether it is more convenient to write Spin or SO. 

2 The Flag Domain 

We use b to identify adjoint orbits of G on 0 and coadjoint orbits of G on 0 *. 

Proposition 2.1. Suppose that ^ G 0 is elliptic, in other words that ad (^) is semisimple 
(diagonalizable over C) with pure imaginary eigenvalues. Let L denote the centralizer 
of f in G. Then Gc has a parabolic subgroup Q with the properties 
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• L is the isotropy subgroup of G at the base point zq = IQ for the action of G (as 
a subgroup of Gc) on the complex flag manifold Z = GcfQ, 

• Lc is the reductive part of Q, 

• the orbit G{zq) G Z is open and carries a G-invariant pseudo-Kdhler metric, 
which can be normalized so that 

• Ad {g)f, I—>■ gQ is a symplectomorphism of := Ad {G)f onto G{zo) where the 
symplectic form on is the Kostant-Souriau form uj{rj,Cf) = 6(^, [r/,C]) and the 
symplectic form on G{zq) is the imaginary part of the invariant pseudo-Kdhler 
metric. 

In particular has a G-invariant pseudo-Kdhler structure. 

Proof. By construction L is reductive. In fact f is contained in a fundamental (max¬ 
imally compact) Cartan subalgebra t of g, and lc is tc plus all the tc-root spaces Qa 
for roots a that vanish on Define q = lc + Yla{i^)<o • It is a parabolic subalgebra 
of gc with reductive part Ic • 

Let T denote complex conjugation of gc over g. Then r(f^) = — so q + rq = gc , 
and also q n rq = lc • There are two immediate consequences: (i) G{zq) is open in 
Z = Gc/Q and (ii) Ad {g)f, gQ is a diffeomorphism of onto G{zo). Note that (ii) 
uses simple connectivity of both Z and . 

Since q n rq = lc , which is reductive, G{zo) carries a G-invariant measure. Any 
such measure comes from the volume form of an invariant indefinite-Kahler metric; see 
[9], or see the exposition of flag domains in [2], This metric is constructed in [9] using 
an invariant bilinear form; as is the Kostant-Souriau form, and by the construction a 
proper normalization of the metric has imaginary part equal to the Kostant-Souriau 
form. □ 

Remark 2.2. In our flag domain cases, Proposition 12.11 extends the structural result 
o/P Theorem 1.3(4)] from symplectic to pseudo-Kdhler. Q 

Remark 2.3. The parabolic q is the sum of the non-positive eigenspaces o/ad(i^) on 
0C • If 9 ^ Gc now Ad( 5 )q is the sum of the non-positive eigenspaces o/ad (Ad (g')^) 
on gc . As Q is its own normalizer in Gc we can identify Z = Gc/Q with the space 
of Ad (Gc)-conjugates of q. Thus, if S is any subgroup of Gc , we see exactly how 
Ad{S)CcZ. 0 

We are using b to identify g with g*; similarly use 6|(, to identify f) with . The 
inclusion 

(2.4) HG Q 

coincides with the moment map for the (necessarily Hamiltonian) action of G on 
Now consider the action of H on . The corresponding moment map is 

(2.5) fiH ■= prt,o fiQ : ^ \q. 

Thus Lemma ll.il can be reformulated as 

Lemma 2.6. Let ^ G g. Then has constant length if and only if 

C I-)- b{piH{C,), 9 h{C,)) is constant on . 
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3 Holomorphic Considerations 


The group H is reductive in G because b is nondegenerate on f). Thus [1] there is a 
Cartan involution 9 oi G such that 6\h is a Cartan involution on H. That gives us the 
decompositions 

g = + p and f) = (f) n fi) + (f) n p) 

into ±1 eigenspaces of dO. 

From now on we suppose that G is semisimple and that 6 is a positive linear com¬ 
bination of the Killing forms of the simple ideals of g. Thus b is negative definite on t 
and positive definite on p. {The reader can extend many of our results to the case of 
reductive G by stipulating 6(^,p) = 0, 6 negative definite on t, and b positive definite 
on p.} The decompositions of g and f) give us compact real forms 

g„ = t + ip = f)„ + m„ where f)« = (f) n t) + i(f) n p) and = (m n t) + i(m n p) 

of gc and me • Let Gu and Hu denote the compact real forms of Gc and He 
corresponding to g^ and i]u ■ 

Extend 6 to a C-bilinear form be on gc- Then bu ■= is negative definite. As 
6(f), m) = 0 we have 6c(f)C)nic) = 0 and thus 6u(f)u,m„) = 0. The orthogonal projection 
pintle • 0C ^ restricts to orthogonal projection '■ ^u- 

Lemma 3.1. Define f^:Gc^Cby f^{g) = 6(pr(,j,(Ad {g)C),prt,f,{Ad {g)0)- Then 
is holomorphic. 

Proof. The map g i—)• Ad {g)f, is holomorphic on Gc , the projection pr^^^ : gc IfC is 
holomorphic, and 6 is complex bilinear. □ 

Lemma 3.2. If has constant length then f^ : Gc C is eonstant, and in particular 
f^lCu constant. 

Proof. If has constant length then is constant on G. Since G is a real form of 
Gc and is holomorphic, it follows that is constant. □ 

Denote Mu = Gu/Hu where Mu carries the normal homogeneous Riemannian metric 
defined by 6^1 mu • In effect it is the natural compact real form of the affine algebraic 
variety Me = Gc/Hc dual to M = G/H. If ^ G 1, in particular if ^ G Qu, we write 
for the corresponding vector field on Mu . Now Lemmas 12.61 and 13.21 give us 

Proposition 3.3. If ^ i and has constant length on M if, and only if, has 
constant length on the Riemannian normal homogeneous space Mu ■= Gu/Hu ■ 

4 Classification for Gc Simple 

In this section we carry out the classification of constant length Killing vector fields 
on reductive normal homogeneous pseudo-riemannian manifolds M = G/H when 
the group Gc is simple. The compact version of this classification was done by direct 
computation in m, but here we have a less computational approach that starts with 
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classification m , or see [6]) of Onischik for irreducible complex flag manifolds Z = 
Gu/Lu , on which a proper closed subgroup Hu of Gu acts transitively. On the other 
hand we need the classification where H need not be compact. For that we use methods 
from m- In Section [5] we give a separate argument to deal with the case where G is 
simple but Gc is not. Then in Section Owe translate those results to the classification 
of constant length Killing vector fields on reductive normal homogeneous pseudo- 
riemannian manifolds M = G/H, with G simple and ^ nonzero and elliptic. 

For clarity of exposition we always assume that Gc is connected and simply con¬ 
nected, that the real forms G and Gu are analytic subgroups of Gc, and that H, He 
and Hu are analytic subgroups of G, Gc and Gu ■ 

Proposition 4.1. [5] Consider a complex flag manifold Z = GcjQ- Suppose that Z 
is irreducible, i.e., that Gc is simple. Then the closed connected subgroups Hu C Gu 
transitive on Z, {1} Hu ^ Gu, are precisely those given as follows. 

\. Z = SU{2n)/U{2n — 1) = complex projective {2n — l)-space; there 

Gc = SL{2n;C) and Hu = Sp{n). 

2. Z = SO{2n+2)/U{n+1), unitary structures there Gc = SO{2n+2;C) 

and Hu = SO{2n + 1). 

3. Z = Spin{7)/{Spin{5) ■ Spin{2)), nonsingular complex quadric; there Gc = 
Spin{7;C) and Hu is the compact exceptional group G 2 . 

Here is the noncompact version of Proposition 14.11 

Proposition 4.2. Consider a complex flag manifold Z = Gc/Q with Gc simple. Here 
is a complete list of the connected subgroups H <Z G with H {1} and Hu transitive 
on Z. 

1. Z = SU{2n)/U{2n — 1) = and Hu = Sp{n). Then {G,H) is one of 

(i) {SU{2p,2q), Sp{p,q)) with p + q = n or 

(ii) {SL{2n]M.), Sp{n;M.)). 

2. Z = SO{2n + 2)/U{n + 1) and Hu = SO{2n + 1). Then {G, H) must be 

(i) {SO{2p + l,2q + 1), SO{2p + 1, 2q)) with p + q = n or 

(ii) {SO{2p + 2, 2q),SO{2p + 1, 2q)) with p + q = n. 

3. Z = Spin{7)/{Spin{5) ■ Spin{2)) and Hu = G 2 • Then the pair {G,H) must be 

(i) {Spin{7),G2) or 

(ii) (5pm(3,4), (G 2 )r). {Here (G 2 )r is the split real form of {G 2 )c)- 

Proof. Suppose Z = SU{2n)/U{2n — 1;C) = P^”'“^(C) and Hu = Sp{n). The real 
forms of {Hu)c = Sp{n]C) are the Sp{p,q), p + q = n, and 5p(n;M), and the real 
forms of {Gu)c = SL{2n;C) are the SU{r, s), r + s = 2n and the special linear groups 
SL{2n;R) and 5L(n;H). 

If G = SU{r,s) and J = {^q ) then G = {g £ SL{2n;C) \ g ■ J Gg = J}. Thus 

H Sp{n;R), for that group cannot have both a symmetric and an antisymmetric 
bilinear invariant on Now G = SU{r,s) implies H = Sp{p,q), which in turn 

implies G = SU{2p,2q). Also, if G = SL{2n;R) then H ^ Sp{p,q) so H = Sp{n;'R). 

Next suppose Z = SO{2n + 2)/U{n + 1) and Hu = SO{2n + 1). The real forms 

of {Hu)c = SO{2n + 1;C) are the SO{r, s) with r + s = 2n + 1, and the real forms of 
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{Gu)c = S0{2n + 2;C) are the SO{k,£) with k + £ = 2n + 2 and SO*{2n + 2). The 
maximal compact subgroup of S0*{2n + 2) is C/(n + 1), which does not contain any 
SO{r) X SO{s) with r + s = 2n + 1; so G / SO*{2n + 2). Thus G = SO{k,£) and 
H = SO{r, s) with r ^ k, s ^ £ and k + £ = r + s + l, as asserted. 

Finally suppose Z = Spin{7)/{Spin{5) ■ Spin{2)) and = G 2 ■ The real forms of 
{Gu)c = Spin{7]C) are the Spin{a,b) with a + b = 7, and the real forms of {Hu)c = 
{G 2 )c are the compact form G 2 and the split form (G 2 )k. Now [H Theorem 3.1] 
completes the argument that G/H is Spin{7)/G 2 or S'pm( 3 , 4 )/(G 2 )R . □ 

Now we summarize, include the case where acts trivially on Z, and note that 
one case is eliminated by the requirement that ^ G 0 . 

Theorem 4.3. Suppose that G is absolutely simple, i.e. that Gc is simple. Then there 
is a nonzero elliptic element ^ G 0 such that the Killing vector field on the normal 
homogeneous space M = G/H has constant length, if and only if, up to finite covering, 
{G, H) is one of the following pairs. 

1. Z = SU{2n)/U{2n — 1) = and = Sp{n). Then {G,H) is one of the 

{SU{2p,2q), Sp{p,q)) withp + q = n, or is {SL{2n]E.), Sp{n;'R.)). 

2. Z = SO{2n)/U{n) and Hu = SO{2n — 1). Then {G, H) is one of the 

{SO{2p, 2q), SO{2p — 1, 2q)) with p + q = n. 

3. Z = Spin{7)/{Spin{5) ■ Spin{2)) and Hu = G 2 . Then {G,H) is 

{Spin{7),G2) or {Spin{3,4), (G 2 )r). 

4. f) = 0 and {G, H) is the group manifold pair {G, {1}). 

Proof. Retain the notation of Section [3l We can suppose ^ G t C 0 ^ . By Proposition 
[331 f induces a Killing vector field of constant length on the normal homogeneous 
Riemannian manifold Mu = Gu/Hu . The adjoint orbit Z := Ad {Gu)f, C 0 ^ is endowed 
with the G^-invariant symplectic structure given by the Kostant-Souriau form. The 
6 -orthogonal projection pr(, : Z —)■ defines a moment map p for the Hamiltonian 
action of Hu on Z. By hypothesis p has constant length with respect to 6 |(,^ , and by 
[3] the flag manifold Z is a Kahler product Zi x Z 2 with Hu acting transitively on Zi 
and trivially on Z 2 . Since Gc is simple, either Z = Zi or Z = Z 2 ., and if Hu is not 
trivial then Hu acts transitively on Z. We have shown that (G, H) either is a group 
manifold or is one of the pairs listed in Propositions 14.11 and 14.21 

In the cases listed in Proposition 14.11 i.e. the cases where G is compact, we already 
have nonzero elliptic elements ^ G 0 such that the centralizer of ^ in G is transitive 
on G/H. For G/H = SU{2n)/Sp{n) we use = y/—l diag {—(2n — l),/ 2 n-i}; it has 
centralizer U{2n — 1) in G. For G/H = SO{2n)/SO{2n — 1) we use .^2 = diag {J,..., J} 
where J = (_?;^ q); it has centralizer U{n) in G. For G/H = Spin{7)/G2 we consider 
spin(5) ©spin(2) C 0 and take 0 7 ^ ^3 G 5 pin( 2 ). 

Now consider the noncompact cases listed in Proposition 14.21 Going case by case, 
0 contains an appropriate multiple of the G 0^ of the previous paragraph, with the 
single exception of the spaces SO{2p + l,2q + 1)/SO{2p + 1, 2q). That completes the 
proof of Theorem 14.31 □ 
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Remark 4.4. In the case {G,H) = (G, {!}), M is the group manifold, the metric is 
any nonzero multiple of the Killing form, G acts on itself by left translation, and ^ can 
be any element of g because it is centralized by all right translations. In this case 
is of constant length without the requirement that ^ be elliptic. 

5 Classification for G complex simple 

We now look at the case where G is simple but Gc is not. That is when G is the 
underlying real structure of a complex simple Lie group E] then Gc = E x E where E 
is the complex conjugate of E and G ^ Gc is the diagonal 6E ^ Gc ■ It is convenient 
to use the following very general lemma, which is based on the infinitesimal version of 
[71 Theoreme 1]. 

Lemma 5.1. Let {M,ds‘^) be any connected pseudo-riemannian homogeneous space. 
Let C G 0. If the centralizer L := {g £ I{M,ds^) \ Ad{g)f, = ^} of ^ in the isome¬ 
try group I{M,ds‘^) has an open orbit on M then has constant length on M. In 
particular if L is transitive on M then has constant length on M. 

Proof. Let O be an open L~orbit on M. If x, y G O, say gx = y with g £ L, then 
ds'^ifyGy) = ds‘^{dg{ix),dg{fx)) = ds^ii^,i^). Thus is constant on O. As 

is real analytic on M it is constant. □ 

Theorem 5.2. Suppose that G is simple but Gc is not. Then there is a nonzero 
elliptic element ^ G 0 such that the Killing vector field on the normal homo¬ 
geneous space M = G/H has constant length, if and only if, up to finite covering, 
{G,H) is one of the pairs (I) {SL{2n]C), Sp{n-,C)), ( 2 ) (S'0(2n; C), S'0(2n — 1;C)), 
(3) {Spin{7;C), (^ 2 ) 0 ); or (4) the group manifold pair (G, {!}). 

Remark 5.3. In all cases of Theorem 15.21 G/H is a complex affine algebraic variety. 
Also, in the case (G, H) = (G, {!}), M is the group manifold, the metric is any nonzero 
multiple of the Killing form, G acts on itself by left translation, and ^ can be any element 
of 0 because it is centralized by all right translations. In this case is of constant 
length without the requirement that ^ be elliptic. <D 

Proof. Let ^ G 0 be nonzero and elliptic. We may assume that it is contained in the Lie 
algebra t of a maximal compact subgroup K of G. The point is that it is contained in a 
fundamental (maximally compact) Cartan subalgebra of 0 . All such Cartan subalgebras 
are Ad (G)-conjugate, and the g-centralizer of any Cartan subalgebra of I is one of 
them. Thus, for the proof, we may assume ^ G t. 

Note that iL is a compact real form when G is regarded as a complex simple group. 
Passing to a conjugate, H is stable under the complex conjugation r of G with fixed 
point set K, for r is a Cartan involution. Now g = t + it under r and f) = f)nt + f)nit. 
These are orthogonal decompositions relative to the Killing form of G, and the invariant 
bilinear form 6 is a positive multiple of that Killing form. 

Suppose that has constant length, equivalently that 6 (prf,(Ad(y)^)), pr(j(Ad(y)^))) 
is constant for g £ G. Then 6 (prf,p|f(Ad(y)^), prf,p|f(Ad(y)^)) is constant for g £ K. In 
other words ^ defines a constant length Killing vector field on K/{K n H). 
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If t n f) = then t C f}. The adjoint action of t on g is the sum of two copies of 
the adjoint representation of t, which is irreducible, so I C f) says that either f) = ! or 
f) = g. If f) = t there is no nonzero Killing vector field of constant length on G/H. If 
f) = g then G/H is reduced to a point. So t n f) 7 ^ t. 

If t n f) = 0 then h{l, f)) = 0 so ^ G t C m. Then pr,^(^) = ^ and pr[,(^) = 0. In 

particular 6(prn,(Ad (c/)0,pr,^(Ad ( 5 ) 0 ) = and 6(prt,(Ad ( 5 ) 0 , pr(,(Ad (c?)^) = 0 

for all g £ G. Now Ad (G)^ C m, so m contains a nonzero ideal of the simple Lie algebra 
g. In other words m = g and f) = 0, so M is the group manifold G. 

Now suppose Astnf)^! and ^ defines a constant length Killing vector 

field on K/{K n H), we know from [11] or from Theorem 14.31 that (I, t Pi f)) is one of 

(5.4) (a) (su(2n),sp(n)), (b) (so( 2 re), 5 o( 2 re - 1)), or (c) (so(7), g 2 ). 

Here (I), n [)) is a symmetric pair, I) n t is simple by (15.41) . and of course t / f) C g. 

Decompose 1) = where 1 ) 20 ! = 0 and every ideal of l)i has nonzero intersection 

with t. Then 1)2 C P and 1) 01 1 = l)i (0 t. Thus (|5.4n limits the possibilities of l)i to 

(|5.4h i : 1)1 = (i) sp(n;C), (ii) sl(n;B[), or (hi) with n = 4 

(5.5) (|5.4b i : l)i = (iv) so(2n — 1;C), (v) sl(2n — 1 ;M), or (vi) with n = 5 
(I53b) : 1)1 = (vii) g 2 ,c 

We eliminate case (iii) of ()5.5p because Zq has no nontrivial representation of degree 8 , 
and (vi) because [4 has no nontrivial representation of degree 10. In case (v), passing 
to the complexification we would have sl(2n — 1;C) C so(2n;C) ©so(2n;C) while 
sl(2n — 1;C) has no nontrivial orthogonal representation of degree 2n; that eliminates 
case (v). At this point we notice that l)i is a maximal subalgebra of g, so 1) = l)i . 

Case (ii) is more delicate. The analog of [n] reduces the existence of a Killing 
vector field ^ of constant length to the question of whether = i {~q i) defines a 
Killing vector field of constant length on M' = 5L(2; C)/5L(1; H). Since M' is the 
noncompact Riemannian symmetric space SL{2\C)/SU{2), the answer is negative. We 
have eliminated cases (ii), (iii), (v) and (vi) of (|5.5p . and we have shown 1) = pi . 

At this point we have shown that there is a nonzero elliptic ^ G g such that has 
constant length, if and only if (G, H) is one of the four pairs listed in Theorem 15.21 If 
(G, H) = (5L(2n; C), Spin] C)) we can take ^ = idiag {2n — 1; it is centralized 

by GL{2n\ C). If (G, H) = (50(2n; C), SO{2n — 1; C)) we can take ^ = diag {J,..., J} 
where J = (_?i g); it is centralized by GL(n;C). If {G,H) = (Spm(7; C), (G 2 )c) we 
can take ^ in a Cartan subalgebra dual to a short root. As noted in Remark 15.31 
if (G, 77) = (G, {!}) we can take ^ to be any element of the Lie algebra g acting 
by right translations. Looking at the compact versions, in all cases one calculates 
dim Zg{^) / {Zg{^) D H) = dimG/77, so Lemma [5.11 ensures that the Killing vector field 
has constant length. □ 

Remark 5.6. Here is another argument to eliminate case (ii) of (|5.5p in the proof of 
Theorem 15.21 gc — 0 © 0 with g embedded diagonally, so gc has compact real form 
g„ = ! © ! with ! embedded diagonally. Now G ! has form ^ = (^', C') inside gc, so it 
has nontrivial projections to each of the two simple summands of g^ • This is impossible 
here because Hu is the diagonal SU{2n) inside G^ = SU{2n) x SU{2n). <0 
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6 Summary for G Simple 

Combining Theorems 14.31 and 15.21 we arrive at 

Theorem 6.1. Suppose that G is simple. Then there is a nonzero elliptic element E g 
such that the Killing vector field on the normal homogeneous space M = G/H has 
constant length, if and only if, up to finite covering, {G, H) is one of the following. 

1. {SU{2p,2q), Sp{p,q)) withp+q = n, {SL{2n;M.), Sp{n;'R.)) or {SL{2n;C), Sp{n;C) 

2. {SO{2p + 2 , 2q), SO{2p + 1, 2q)) with p + q = n or {SO{2n + 2; C), Sp{2n + 1; C) 

3. {Spin{7),G2), (5pm(3,4), (G 2 )r) or {Spin{7;C),G2,c) 

4. 

Looking through this listing one sees 

Corollary 6 . 2 . Suppose that G is simple, and that ^ G g is nonzero and elliptic. Let 
L be the centralizer of f in G. Then the following are equivalent. 

1. has constant length on M = G/H. 

2. L has an open orbit on G/H. 

3. H has an open orbit on the flag domain G/L. 

7 The Three Cases 

Retain the notation of Section [2j Note that Gu acts transitively on the complex flag 
manifold Z = Gc/Q, so Z = Gu/L^ where is a compact real form of L. This 
expresses Z as a compact simply connected homogeneous Kahler manifold. 

By coset space reduction of G/H we mean a decomposition G = G' x G" (locally) 
such that H = {H n G') x {H r\ G"), and consequently G/H = {G'/{H n G')) x 
{G"/{H n G")), with each factor of positive dimension.. We will say that G/H is coset 
space irreducible if there is no such nontrivial reduction. The following is immediate 
from the definitions. 

Lemma 7.1. Suppose that G is semisimple. Let G/H = G'/H' x G"/H" be a coset 
space reduction. If b is an invariant bilinear form on g then b = b' (B b" where b' (resp. 
W) is an invariant bilinear form on g^ (resp. g” ). The corresponding decomposition 
g = f) + m breaks up as g' = + and g” = + where f) = m = m'©m", m' 

is the b'-orthocomplement of\f in ^, and is the b"-orthocomplement of[}" in g" . In 
particular the corresponding factors of the pseudo-riemannian product decomposition 
are normal homogeneous spaces. 

Let M = G/H with G reductive. Up to finite coverings we then have a decomposi¬ 
tion 

(7.2) G = GqxGiX---xGsX G<j+i x ■ ■ ■ x Gr 

where Go is commutative, Gj is simple for i > 0. H is the (isomorphic) image of 
a reductive Lie group H under a homomorphism (p{x) = {ipo{x),... ,iprix)) where 


9 


ip : H ^ Gi . We are going to study constant length Killing vector fields on M = G/H 
defined by vectors 

(7.3) ^ = .^0 H-h Cr G 0 , G 0 i, / 0 for 1 ^ i ^ s, and = 0 for s < z ^ r. 

In view of Lemma [7.II we need only consider the coset irreducible cases. There are three 
basic possibilities of reductive normal coset irreducible G/H: 

(i) for some index i we have ipi{H) = {!}, 

(7.4) (ii) for every index i we have {1} / P>i{H) ^ Gi , and 
(iii) for some index i we have p>i{H) = Gi. 

The first of these cases is somewhat trivial; 

Lemma 7.5. Let M = G/H he coset space irreducible with some ipi{H) = {1} then 
G = Gi = M and every ^ G 0 i defines a constant length Killing vector field on M. 

Proof. The hypothesis says that Gi = Gi/ipfiH) is a factor in a coset space reduction 
of G/H, and coset space irreducibility says that Gi = Gi/ipfiH) must be all of G/H. 
As given, Gi acts isometrically on itself by left translations, and by normality the right 
translations also are isometries. If ^ G 0 comes from the left action of G on itself, it 
is centralized by the right action, which is transitive, so the corresponding vector field 
has constant length. □ 

Now we may (and do) assume that each dim(/?j(77) > 0. The second case is 

Theorem 7.6. Assume that M = G/H is a coset space irreducible normal homoge¬ 
neous space with G semisimple and H reductive in G. In the notation of ([72]) suppose 
that p>i{H) C Gi and dim(77) > 0 for each i > 0. Let ^ + • • • + Cr G 0 , elliptic 

and decomposed as in (I73D. Consider the following conditions. 

(1) ^ defines a constant length Killing vector field on M = G/H, 

(2) For each i, defines a constant length Killing vector field on Mi = 

Gi/ipfiH). 

(3) For each i, f,i defines a constant length Killing vector field on M. 

(4) The Ad (G)-centralizer off, has an open orbit on M. 

Then 

(a) (1) implies (2) but (2) does not imply (1); 

(b) (2) and (3) are equivalent; and 

(c) (1) and (4) are equivalent. 

Proof. As in the first paragraph of the proof of Theorem 15.21 we may assume that f is 
contained in t = g n 0 ^ . 

We write L and L^ for the respective centralizers of ^ in G and Gu and Z for 
the complex flag manifold Z = Gu/Lu = Gc/Q- We also write Li and Li,u for the 
respective centralizers of fi in Gi and Gi,u, so Z is the product of the Zi = Gi,u/Li , 
where of course Lq = Gq and Lj = Gj for z > s, so those Zi are single points. 

We first prove that (1) implies ( 2 ) and (4). As a subgroup of G, 77^ acts holo- 
morphically and isometrically on Z . Here Z carries the G^-invariant Kaehler metric 
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defined by its complex structure as Gc/Q and its normal Riemannian metric from the 
negative of the Killing form of Gu ■ The action is Hamiltonian. We are assuming (1), 
in other words that has constant length on M = G/H, so Proposition 13.31 savs that 
^Mu constant length on Mu = Gu/Hu ■ In other words the momentum map for 
the action of Hu on Z has constant square norm. Thus [3l Theorem 1] Z = Z' x Z", 
holomorphically and isometrically, where Z' and Z" are complex flag manifolds such 
that Hu is transitive on Z' and Hu acts trivially on Z". 

The group Hu acts nontrivially on Zj for 1 ^ ^ s. For if the action were trivial 

then ipi{Hu) would be normal in Gi^u-, while it is 7 ^ {!}, forcing (pi{Hu) = Gi^u- 
This possibility was excluded by hypothesis. Thus Z' = Zi x • • • x Z^. Now set 
G' = GiX---xGs-iL' = LiX---xLs,ip' = ipiX---Xips and H' = (p'{H). Then H'^ is 
transitive on Z'. It follows from |10t Proposition 2.1] that H'-^ := ipi(Hu) is transitive 
on Zj for 1 ^ ^ s. Equivalently G'^ = H/L'^ , which is the same (take inverses) as 

G'^ = L'^H'^, so L'^ is transitive on Z'. In particular Gu,i = L'^ iH/ ■. Thus has 
constant length on Mi^u for 1 ^ ^ s. Thus (1) implies (2) and (4), and (4) implies 
(1) by Lemma l5.II 

It is obvious that (3) implies (2). Given (2), the centralizer Lj of in Gi is transitive 
on Mi, so the centralizer of in G is transitive on M, and (3) follows. 

It remains only to show that (2) does not imply (1). Consider the case G = 
SO{2n) X SO{2n) with H = SO{2n — 1) embedded diagonally and ^ = diag{J, ■ ■ ■ ,J} 
where J = (_?i g)- Then L = U{n) x U{n) and L D H = U{n — 1) so dim G/H = 
2n^ + n — 1 > 2n^ = dimL, so L cannot have an open orbit on G/H when n > 1. 
On the other hand the projections of ^ to the ideals of 0 define constant length Killing 
vector fields on the Mi = Gi/ipi{H) because Li = U{n) is transitive on Mi = 
Gi/(pi{H) = SO{2n)/SO{2n — 1) = Thus (2) does not imply (4). But (1) and 

(4) are equivalent, so (2) does not imply (1). □ 

The third case includes the pseudo-riemannian group manifolds {H x H)/{diag{H}) 
for real simple Lie groups H, but the following example shows that this case is more of 
a combinatorial problem than a geometric or Lie theoretic problem. 

Example 7.7. Let G' and G” be reductive Lie groups. Let H be reductive with 
homomorphisms (p' : H ^ G' and Lp" ■. H ^ G" such that h 1 -^ {(p'[h), (p”{h)) is an 
isomorphism of H onto a reductive subgroup H of G := G' x G”. Let M = G/H be 
the corresponding homogeneous space with any G-invariant pseudo-riemannian metric. 
Suppose that ^ G 0 ^ and that (p'{H) = G'. Then G” centralizes ^ and G = HG", so 
the centralizer of ^ in G is transitive on M. Thus has constant length on M. The 
most familiar case of this is a compact group manifold {H x H)/{diag{H}). <0 
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